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Abstract
Using the unrestricted Hartree–Fock approximation to deal with the correlation
effect of the multiband Hubbard model and the real-space recursion method
to calculate the density of states, we have investigated several assumed
spin- and orbital-ordered states in the layered perovskite La1/2Sr3/2MnO4 in
addition to the so-called charge-exchange-type antiferromagnetic (CE-AFM)
state observed experimentally. It is found that the Jahn–Teller lattice distortion
and anisotropic double-exchange interaction of eg electrons are responsible for
the CE-AFM state with d3x2−r2 /d3y2−r2 orbital ordering. Our study shows that
there is no evident charge modulation in real space, which is consistent with
recent band-structure calculation (Mahadevan P, Terakura K and Sarma D D
2001 Phys. Rev. Lett. 87 066404). We attribute this to the strong double-
exchange interaction inside the quasi-one-dimensional ferromagnetic zigzag
chain that is the basic building block of the CE-AFM state.

1. Introduction

Recently, manganites of perovskite structure R1−xAxMnO3 (R: rare-earth elements,
A: alkaline-earth elements) have attracted a great deal of attention due to the rediscovery
of colossal magnetoresistance (CMR) [1] as well as the exotic phenomena arising from strong
coupling among spin, charge, and orbital degrees of freedom [2]. A prototype compound
is half-doped Nd1/2Sr1/2MnO3 [3], where the charge-exchange-type antiferromagnetic (CE-
AFM) state with charge ordering (CO) and orbital ordering (OO) was proposed by Goode-
nough [4] as a candidate state at low temperature. Every Mn3+ ion is surrounded by Mn4+ ions
and vice versa, like a checkerboard, as shown in figure 1. The whole pattern is composed of
ferromagnetic (FM) quasi-one-dimensional zigzag chains that are coupled antiferromagneti-
cally with each other. In the MnO2 plane (ab-plane), one eg electron of a Mn3+ site occupies
either the d3x2−r2 or the d3y2−r2 orbital. This anomalous magnetic structure as well as the cor-
responding Jahn–Teller lattice distortion (JTD) of Mn3+ sites have been confirmed by different
experiments such as x-ray and neutron diffraction measurements [5]. In addition to the three-
dimensional perovskites, the same CE-AFM state has also been observed experimentally in
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Figure 1. Spin, charge, and OO for the CE-type AFM CO state in the ab-plane. Symbols A and
B stand respectively for Mn4+ sites and Mn3+ sites.

layered perovskite La1/2Sr3/2MnO4, which has two-dimensional characterization. The elastic
neutron scattering measurements by Sternlieb et al [6] demonstrate that La1/2Sr3/2MnO4 has
charge and magnetic ordering transitions at TCO ∼ 217 K and TN ∼ 110 K, respectively. Mu-
rakami et al [7], using the anisotropy of the x-ray scattering tensor, have shown the alternating
pattern of Mn3+/Mn4+ in real space.

Theoretically, the microscopic mechanism behind the CE-AFM state has been seen as
an intriguing subject since the spin, charge, and OOs are closely related to the transport
properties of compounds. Solovyev and Terakura [8], solving analytically a simple quasi-1D
model, argued that the trigger for CO lies in the unique insulating features of the quasi-1D
FM zigzag chain, and the d3x2−r2 /d3y2−r2 OO is entirely determined by the kinetic effects.
Mizokawa and Fujimori [9] emphasized that JTD plays an important role in stabilizing
the CE-AFM state since, in their calculation, the FM state would be more favourable than
that without JTD; this was demonstrated by other first-principles band-structure calculations,
too [10, 11]. Strong electron–electron interactions, such as on-site Coulomb and nearest-
neighbour Coulomb interaction [12], were also proposed to interpret this interesting spin-,
charge-, and orbital-ordered state. However, which are the crucial factors leading to the CE-
AFM state is still an open issue.

A recent band calculation on La1/2Sr3/2MnO4 by Mahadevan et al [11] suggests that the
CE-AFM state has no substantial CO in real space but has an evident OO. They calculated
the Mn 4p partial density of states and argued that the OO, causing two different Mn-ion
environments, is sufficient for interpreting the experimental phenomenon, i.e., the observed
anisotropy of the x-ray scattering tensor [7]. Thus, the reason that OO and charge ordering
transitions occur over the same temperature range experimentally is that there is no real CO in
La1/2Sr3/2MnO4; the observed anisotropic scattering tensor is just a manifestation of the same
lattice distortion. In fact, Solovyev and Terakura [8] acknowledged that charge inhomogeneity
tends to destroy the intrachain ferromagnetism in the CE-AFM state, i.e., CO is unfavourable
to FM. Jung et al [13] used the scenario of states with bonding and antibonding between d3x2−r2

(d3y2−r2 ) of Mn3+ and dx2−y2 of Mn4+ to explain well the temperature dependence of the optical
conductivity spectrum of La1/2Sr3/2MnO4. It seems that such a strong effect of covalent bond-
ing between Mn3+ and Mn4+ ions should not make an eg electron localize on a particular orbital
unless one energy level is much lower than the other—similar to the case for the polar molecule.
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The purpose of this paper is now clear. One objective is to study what factors will be impor-
tant in stabilizing the observed CE-AFM state in La1/2 Sr3/2MnO4 and another is to see whether
there is any charge modulation in real space. Thus, we employ unrestricted Hartree–Fock (HF)
approximation in the multiband d–p Hubbard model to treat several assumed magnetically and
orbitally ordered states, besides the CE-AFM state, on the same footing. By comparing these
ordered states, we show that the JTD and the anisotropy of double exchange of eg electrons
lead to the CE-AFM state. Our calculations demonstrate that there is indeed no evident charge
modulation in La1/2Sr3/2MnO4 in comparison with the antiferromagnetic and charge-ordered
ground states of other compounds; we argue that it is difficult for an eg electron to localize
strongly on a site due to the strong double-exchange interaction inside a FM zigzag chain.

The rest of the paper is organized in the following way. In section 2, we introduce the
multiband d–p lattice model and the unrestricted HF approximation; then the real-space recur-
sion method is also briefly outlined. In section 3, we present the numerical results on several
calculated ordered states and a discussion on the origin of the CE-AFM state. Conclusions are
drawn in section 4.

2. Theoretical model and formulation

To describe the perovskite compound in the presence of lattice distortion, we have extended
the widely adopted multiband d–p model to include the generalized Jahn–Teller effect on the
fivefold d orbitals. The Hamiltonian can be written in terms of the electronic part He and the
electron–phonon coupling Hep: H = He + Hep, where He includes the full degeneracies of
the transition-metal 3d orbitals and oxygen 2p orbitals as well as the on-site Coulomb and
exchange interaction; it can be expressed as [14]

He =
∑
imσ

ε0
dmd

†
imσ dimσ +

∑
jnσ

εpp
†
jnσpjnσ

+
∑

ijmnσ

(tmn
ij d

†
imσpjnσ + H.c.) +

∑
ijnn′σ

(tnn′
ij p

†
inσpjn′σ + H.c.)

+
∑
im

ud
†
im↑dim↑d

†
im↓dim↓ + 1

2

∑
im �=m′σσ ′

ũd
†
imσ dimσ d

†
im′σ ′dim′σ ′

− j
∑

imσσ ′
d

†
imσ σdimσ ′Sd

im. (1)

In equation (1), dimσ (d
†
imσ ) and pjnσ (p

†
jnσ ) denote the annihilation (creation) operators of an

electron on Mn d at site i and O p at site j , respectively, and ε0
dm and εp are their corresponding

on-site energies; m and n represent the orbital index and σ denotes the spin. The crystal-field
splitting is included in ε0

dm, i.e., ε0
d(t2g) = ε0

d − 4Dq, ε0
d(eg) = ε0

d + 6Dq. ε0
d is the bare

on-site energy of the d orbital. tmn
ij and tnn′

ij are the nearest-neighbour hopping integrals for
p–d and p–p orbitals; they are expressed in terms of Slater–Koster parameters (pdσ ), (pdπ ),
(ppσ ), and (ppπ ). Sd

im is the total spin operator of the Mn ion extracting the one in orbital m;
ũ = u − 5j/2. The parameter u is related to the multiplet-averaged d–d Coulomb interaction
U via u = U + (20/9)j . After linearizing the above Hamiltonian using the unrestricted HF
approximation, He becomes

He =
∑
imσ

[
ε0
dm + und

imσ̄ − j

2
σ(µd

t − µd
m) + ũ(nd

t − nd
m)

]
d

†
imσ dimσ

+
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jnσ

εpp
†
jnσpjnσ +

∑
ijmnσ

(tmn
ij d

†
imσpjnσ + H.c.)
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+
∑

ijnn′σ

(tnn′
ij p

†
inσpjn′σ + H.c.). (2)

Here nd
mσ = 〈d†

mσdmσ 〉, µd
m = nd

m↑ − nd
m↓, and nd

t and µd
t are the total electron numbers and

magnetization of the Mn d orbitals. We have chosen the z-axis as the spin quantization axis.
Before we derive the Hep part, let us assume that oxygen ions move only along the direction

of the Mn–O–Mn bond so that rotation of MnO6 octahedra and the buckling of the Mn–O–
Mn bond are not considered, for simplicity. The dimensionless lattice distortion is defined as
Qa(i) = (ua(i + 1

2a) − ua(i − 1
2a))/a which describes the local expansion of oxygens along

the a-axis around the ith Mn ion; ua(i ± 1
2a) represents the displacement of oxygen ions with

a = x, y, and z. On expanding the local static Coulomb potential V (r) = ∑
j

Ze
|r−rj | around

Mn ions to fourth order, the deviation from the equilibrium positions gives rise to Jahn–Teller
coupling between the d orbitals and octahedra distortion Qa(i). Note that rj represents the
neighbouring oxygen ions around a Mn ion and Ze is the effective charge of O ions. We obtain

Hep =
∑
iσ

(
−g1Q1(i)

∑
m

d
†
i di − g2

[
Q3(i)d

†
xyσ dxyσ

+

(√
3

2
Q2(i) − 1

2
Q3(i)

)
d†

yzσ dyzσ +

(
−

√
3

2
Q2(i) − 1

2
Q3(i)

)
d†

zxσ dzxσ

+ (dx2−y2σ , d3z2−r2σ )

(
Q3(i) Q2(i)

Q2(i) −Q3(i)

) (
dx2−y2σ

d3z2−r2σ

)])
. (3)

Here Q1, Q2, and Q3 are the three Jahn–Teller modes and they are related to the
displacement of the oxygen atoms along the a-, b-, and c-axes via Q1 = (Qa + Qb + Qc)/

√
3,

Q2 = (Qb −Qa)/
√

2, and Q3 = (Qa +Qb −2Qc)/
√

6. While Q1 is the usual breathing mode
and involves local volume contraction or expansion, Q2 and Q3 are the usual vibration modes
and conserve the local volume [15]. Their corresponding coupling constants are g1 = 4

√
32Ze2

a0

and g2 	 0.6892(10Dq g1)
1/2.

For the effective single-particle Hamiltonian discussed above, the density of states can
be easily calculated using the real-space recursion method [16] and the Green function is
expressed as

G0
mσ (ω) = b2

0

ω − a0 − b2
1

ω − a1 − b2
2

ω − a2 − b2
3

ω − a3 − · · ·

. (4)

The recursion coefficients ai and bi are computed from the tridiagonalization of the tight-
binding Hamiltonian matrix for a given starting orbital. The multiband terminator [17] is
chosen to close the continued fraction. We have computed all assumed ordered states and
the CE-AFM state observed experimentally in an enlarged supercell (16 primitive cells) and
computed 27 levels for each of the 272 independent orbitals. Our results have been checked
for different levels to ensure an energy accuracy better than 5 meV. The whole procedure is
iterated self-consistently until convergence is reached and the density of states is obtained from
ρms(ω) = − 1

π
Im Gms(ω), which allows us to compute the electron numbers and magnetic

moments as well as the total energies of all the ordered states.
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3. Numerical results and discussions

The band-structure parameters of La1/2Sr3/2MnO4 used in our numerical calculation come
from their counterpart, the cubic perovskite LaMnO3, because the sizes of the Mn–O6

octahedra of the two compounds are essentially the same; they are obtained by fitting
the cluster-model photoemission spectra of the valence band [18]. As the Slater–Koster
parameters approximately satisfy the scaling relation, they are taken as (pdσ) = −2.0 eV,
(pdπ) = 0.922 eV, (ppσ) = 0.6 eV, and (ppπ) = −0.15 eV. The nearest-neighbour hopping
integrals for the oxygens of neighbouring layers can be obtained using the formula [19]
Vll′m = ηll′m(h̄2/md2) with d denoting the interatomic distance. The on-site Coulomb
repulsion and Hund coupling constant are set as U = 5.0 eV and j = 0.80 eV. The bare
on-site energy of the O p orbital is taken as the energy reference point εp = 0 eV; the bare
on-site energy of Mn d depends on the Coulomb repulsion, ε0

d = −13 eV. The strength of the
crystal-field splitting is set as Dq = 0.10 eV. The lattice parameters of La1/2Sr3/2MnO4 with
tetragonal symmetry are taken a = b = 3.86 Å and c = 12.44 Å from [7]. When JTD is taken
into account, the nearest-neighbour O–O hopping integrals are modified by the above scaling
relation while the integrals for hopping between Mn d and O p are given by another formula:
Vll′m = ηll′m(h̄2/md3.5) [19].

Since eg electrons of Mn ions have strong itineracy in La1/2Sr3/2MnO4 due to strong
double-exchange interaction, the first ordered state to be considered is the FM state with
uniform dx2−y2 OO. Since the strong superexchange interaction between half-filled t2g orbitals
favours AFM coupling and can be accompanied by a certain amount of CO [20], the G-AFM
state with the same dx2−y2 OO is also chosen as a candidate for comparison with charge
ordering in the CE-AFM state. In order to clarify the origin of the CE-AFM state as well as
its corresponding d3x2−r2 /d3y2−r2 OO, two other OO states in the CE-AFM state, i.e., uniform
dx2−y2 and d3z2−r2 OO states, are also investigated. The HF calculation is carried out self-
consistently and all ordered states above are taken as initial trial states. As both experimental
observation and band-structure calculation confirm that Mn3+-like sites have a considerable
JTD, we take in our calculation the most favourable JTD mode on those OO states while keeping
the whole crystal volume constant; e.g., the dx2−y2 orbital favours JTD mode (Q, Q, −2Q) and
d3x2−r2 corresponds to the (2Q, −Q, −Q) mode, with Q (Q > 0) denoting the lattice distortion
variable. We neglect the tilting of MnO6 octahedra and the breathing mode (Q, Q, Q) (the
volume of the Mn3+-like site bulges and that of the Mn4+-like site contracts), because recent
first-principles band calculations [11] and x-ray scattering experiments [21] did not detect this
distortion mode. Our numerical results suggest that there is no CO evident in real space, so
the first term in equation (3) does not contribute to the total energy of the system.

We perform the unrestricted HF calculation on these ordered states in the presence of
JTD; the energies of various states are presented in figure 2. Without JTD, the FM state with
uniform dx2−y2 OO is the lowest in energy and the CE-AFM state with d3x2−r2 /d3y2−r2 OO (L1)
is the second lowest, while the G-AFM state is the highest. This indicates that eg electrons in
La1/2Sr3/2MnO4 have very strong itineracy, so the system tends to exhibit FM. However, when
JTD increases, the energy difference between FM and CE-AFM decreases and L1 ‘outdoes’
the FM state at dL/dA = 1.06 (dL denotes the longer Mn–O bond length within JTD and
dA is the average Mn–O bond length without JTD). This case is similar to that in LaMnO3.
As is well known, the ground state of LaMnO3 is the A-type AFM insulator where spins of
Mn ions are parallel in the MnO2 plane (ab-plane) and antiparallel along the c-direction; this
state is also accompanied by a considerable lattice distortion and the d3x2−r2 /d3y2−r2 OO occurs
throughout the whole crystal. Much study [22, 23] has shown that this magnetic structure in
LaMnO3 results from the competition between the AFM superexchange interactions among t2g
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Figure 2. Energies per supercell unit (16 primitive cells) of the ordering states as functions of
the JTD. They are the FM and G-AFM states with uniform dx2−y2 OO, the CE-AFM state with
d3x2−r2 /d3y2−r2 OO (L1), uniform dx2−y2 (L2), and d3z2−r2 (L3) OO.

electrons and the FM superexchange among eg electrons. When the twofold degeneracy of the
eg orbital is lifted by JTD, the FM superexchange slightly decreases with the result that AFM
order appears and the A-AFM state is one of the choices. In La1/2Sr3/2MnO4, the CE-AFM
state results from the competition between AFM superexchange among t2g electrons and FM
double exchange among eg electrons. In the absence of JTD, the FM state with dx2−y2 OO
is the most stable state (see figure 2). From the purely ionic scenario, when JTD occurs,
twofold-degenerate eg orbitals of the Mn3+-like site are split and only the lower energy level is
occupied, while those of Mn4+-like sites are not affected, since they are not Jahn–Teller-active
ions. JTD reduces the eg bandwidth and AFM spin ordering may appear in the compound.

The FM zigzag chains couple antiferromagnetically with each other in the CE-AFM state
and this can be understood from its diagonal d3x2−r2 /d3y2−r2 OO. In LaMnO3 with the A-
type AFM ground state, the FM superexchange between the neighbouring d3x2−r2 (d3y2−r2 )
and dx2−z2 (dy2−z2 ) orbitals along the a-direction (b-direction) in the ab-plane is double that
along the c-direction, so, as discussed above, the magnetic coupling along the c-direction is
antiferromagnetic when lattice distortion occurs. Here, La1/2Sr3/2MnO4 similarly undergoes
d3x2−r2 /d3y2−r2 OO of Mn3+-like sites, thus gaining the maximized kinetic energy (compare L1

with L2 and L3, as shown in figure 2). The intensity of transfer of eg electrons between d3x2−r2

(d3y2−r2 ) and dx2−y2 along the direction of the orbital (we assume that d3x2−r2 (d3y2−r2 ) has the
x (y) orbital direction) is double that perpendicular to the orbital direction. Thus, when the
JTD takes effect and the double-exchange interaction slightly decreases as discussed above,
the FM ordering perpendicular to the orbital direction is replaced by AFM spin ordering while
the FM coupling along the orbital direction is kept unchanged. It is the d3x2−r2 /d3y2−r2 OO and
JTD that lead to the CE-AFM magnetic structure as shown in figure 1.
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with the majority spin direction. The parameters are described in the text.

The total DOS of the CE-AFM state (L1) is presented in figure 3(a); this state is an insulator
since the Fermi energy (EF ≡ 0) lies within the energy gap. The analysis of the partial DOS
(PDOS) plotted in figures 3(b)–(d) reveals that the DOS below EF is mainly contributed by
O p orbitals. The peaks near the bottom and top of the valence band stem from Mn d orbitals
due to the strong exchange splitting. The electron occupancies of the Mn3+-like site and the
Mn4+-like site without JTD are almost the same, 4.62 and 4.61; their magnetic moments are
the same: 3.63 µB. When JTD occurs, the difference in electron occupancy between them
increases slightly (less than 0.1), because the energy level of the d3x2−r2 or d3y2−r2 orbital of
the Mn3+-like site is lowered slightly due to JTD—e.g., the occupancy of Mn3+ is 4.66 and that
of Mn4+ is 4.59 at dL/dA = 1.07, while their magnetic moments are 3.72 and 3.50 µB. The
overall spectrum profile is consistent with that resulting from a single-particle method. [13]
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Inside the FM zigzag chain, the d3x2−r2 or d3y2−r2 orbital of the Mn3+-like site can easily
form a bonding state with the neighbouring dx2−y2 orbital of a Mn4+-like site. As is shown in
figure 3(d), dx2−y2 for Mn4+ ions lies partly below EF , while the nonbonding state comes from
the d3z2−r2 , dy2−z2 , and dz2−x2 above EF . Due to this strong effect of covalent bonding between
the d3x2−r2 (d3y2−r2 ) and dx2−y2 orbitals in the FM zigzag chain, the electron occupations of
Mn3+ and Mn4+ ions do not differ greatly unless the difference between two single-energy levels
is great. Since a pair of Mn3+ and Mn4+ ions possess only one eg electron and this electron
should occupy the bonding state, from band theory the system will be a band insulator, as
shown in figure 3(a). It is the formation of the bonding state that, in the CE-AFM state (L1),
leads to there being no evident charge modulation in real space. The strong double-exchange
interaction inside the FM chain makes it impossible for an electron to localize strongly at one
site. This can also be seen for other mixed-valence systems (one ion has two different species
with the ratio 1:1) with CO observed experimentally. For instance, in YBaCo2O5, the ratio of
Co2+ and Co3+ ions is 1:1 and real-space charge ordering has been detected by synchrotron
x-ray and neutron powder diffraction measurements [24,25]. It was found that the occupations
of Co2+ and Co3+ in the AFM ground state are respectively 7.18 and 6.64 [26], which indicates
evident charge modulation from site to site. The difference between these two compounds is
as regards the eg electron interaction: there is an imaginary AFM superexchange process in
YBaCo2O5, but a real double exchange in La1/2Sr3/2MnO4. From the order of magnitude,
the former is similar to second-order perturbation while the latter is a first-order perturbation.
Hence, the covalent bond between Mn3+ and Mn4+ ions can easily form for strong double-
exchange interaction and this would not result in an evident charge modulation in real space.
In fact, the G-AFM state in our calculation in figure 2 is accompanied by an obvious CO. The
electron occupancies of Mn3+ and Mn4+ ions are 3.45 and 3.72 for dL/dA = 1.0, respectively,
and their magnetic moments are 3.87 and 3.24 µB, which suggests that the eg electron should
be much more difficult to localize in the FM state than in the AFM state.

4. Conclusions

In summary, we have shown, by using the HF approximation in the multiband d–p Hubbard
model and the real-space recursion method, that the JTD and anisotropy of double exchange
are the driving forces for the CE-AFM state in La1/2Sr3/2MnO4 with d3x2−r2 /d3y2−r2 OO. In
our calculation, there is no evident charge modulation from site to site; this is attributed to the
strong double-exchange interaction of eg electrons inside the FM zigzag chain of the CE-AFM
state.
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